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TECHNIQUES OF QUANTILE REGRESSION™
by

Jean-Pierre Carmichacl

Introduction
Given observations {(X., Yi)' i=1,...,n} on random variables
i

(X, Y) with joint distribution (>, y) , we want to estimate the

X ¥
regression functionof Y on X , I-I[Yl X = x] , nonparametrically,
In order to find a natural estimator (simple computationally and

intuitively appealing), Parzen (1977) developed the following theoretical

approach,

1. Theoretical Approach:

Let Ul = PX(X) and U2 = FY()) , then the joint distribution

of Ul and UZ is =

DL’ 3 U (u 'uz) X, Y(Qx(lll )D QY(\12)> 3 "
1" "2 ACCLSSION tor
nmis Wite Section 3
and their joint density is o it
UNANNOUNCED ()
§JUSTIFICATION e
d Bogays x Y<Q (“ ) Y(uz)> fobisrema e R
- A P Lk Qg 1)) f Qy,)) o
i \ X 8T8 ) ISTRICUTION, AVARABILITY 0OES
AVARL. and or gﬁf_l!z i
where FZ is the distribution function of 2 ’ }
f? is its density function H ,
07 is its quantile function

*Research supported by Army Research Office (Grant DA AG29-76-0239).
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Let 1r(x) be the regression functionof Y on X =x ,

yf X, Y(x.y) dy
fx(x)

rix) = E[Y|X = x] = f

We now define the regression-quantile function rQ (¢) by

rQ(u) - r(Qx(u)) = E[Y|X = Q(w)]

How do we compute rQ(e¢) ?

By definition,

(Q LAa)y dv)

© Y }\
{ x( x‘“’)

rQ(u) =

then

Let y=0Q (\12) ’

rQu) = f(} QY(112) dU U (u, \12) du

1" 2 .

If we introduce a Dirac delta function, we can express rQ(s+) as a

double integral

1 pl
1.1 rQ) = [i [y Qye,) 8t -y d DUI’ Uz(ul.uz)

We estimate rQ(+) by

ul—u

1.2 rQ(“) - fo -ro QY(“Z) h( T ( h(n) )d Dul.u?ful'“z) ’




N ou (*, *) is an estimator of the joint distribution
’

function of U and U, . It could be the empirical joint distribution

function.

~

QY(°)- is an estimator of the quantile function of Y . It could
be the empirical quantile function of the Y's

K(¢) is an approximator to the Dirac delia function,

2q Different Estimators:

Let Y[i : n] be the observation associated with )‘(i) , where

th

X < X Gl X . Y[. n] is called the concomitant of the i

(1) (2) (n) 3
order statistic.
Let D (¢, *) be the empirical joint distribution function
Ul ¢ U2 X
of Ul and U2 . It has jumps of size 1/n at points of the form (i/n, Ri/n)

where R, is the rank of Y, among the Y's .
i [i :n)

Let K (*) be a-kernel function with bandwidth parameter h(n) .

A first estimator of QY(~) is given by

SR i-1 i
Ryug) = Y[i - o T
Then, equation 1.2 becomes
~ n j/n
i 2 (t —
2.1 TQfu) = Jz'-‘:l Y[j:n] Ij-l h(n) o h(n) )dt

n




Usually, as in Yang (1977), this is approximated by

s

sfifs ~a% . _ )
IY[j 1n] h( h(n) ) h(n)

"

. Ty
2.2 rQ(”(u) W :

Yang studied the statistical properties of that estimator.

Note that rQ = (¢) can be viewed as the result of smoothing

(1)

amplitudes Y[i : n) observed at equidistant points of the form j/n
Clark (1977) recommends to interpolate linearly between the successive

points {(j/n. Y[. )} to get an estimator with maybe more derivatives

iin]

than the kernel.

Define
Y[l:n] . OS“ZS”“
Qz(uz) ® Y[j ' “] (.‘ + 1 = n\lz) + \'[j 1 n](““z )) »
;‘lsuzsl-:—l T TS R
Then ?
i e ] t - v
%3 rQ,(u) = Jo Q,® f K( h(n;)dt

It has been remarked before that it is difficult to smooth a curve
unless it is relatively flat. People would then recommend to subtract a
trend term from the data before smoothing.

We would like to propose instead to smooth the first differences

a,0) i




2 0 OSuz<l/n
Q, (u,) - it
S e L LR

U
We then form the estimator rQ (¢)

b T M re X Gey

1]

2.4 r’;)'l (u)

t-u

“ : 3‘ 1 itl/n
i b i n(Y[JH in] * V5 n]) f/n K(h(n), G

and

2.5 rQu = (%, rd () ds + rQ(1/2)

rQ(¢) would be the indefinite integral of

Because an estimator of
~

rQ’ (+) , we fix the value of rQ3(1/2) to be rQ](l/Z) as we feel that all

estimators are usually good for the middle values. The problems and the

differences between estimators usually appear near the endpoints

~
’
Finally, we can smooth Q z(-) using the autoregressive method

by computing its Fourier coefficients

~ . ~2

® (v) j(: M il NORT

& - FHiin 2mitv
2.6 ®(v) = ji:‘l n(Y[jH k" Y[j:n]) J‘j/n e dt




~

From the ®(+)'s , we compute the autoregressive coefficients

by solving the Yule-Walker equations

2.7 rQ,(u) =
IR b
. )
and
~ u ~ - ~
- . b 2
2.8 rQ, J‘l/z rQ, (s) ds + rQ (1/2) .

Note the relation between the linearized version of the data and
: 4 ’ th e g -
first differences. Taking Kk order differences would be like interpo-

lating between data points with a kth degree polynomial,

3. Statistical Properties:
3.1 General Results
Yang (1977) studied statistical properties of linear functions of
concomitant of order statistics.
Among the different estimators proposed in the previous section,
~ ~
only rQ'2(~) and rQ4(-) are not of that form,
For convenience, we reexpress the threc major results of Yanyg in

a form more related to our purpose,

We need the following:




~ u - ~ §
sl pd 1 1 ¢
i M= o Jo 8uy) h(n) K( h(n) )d Dy ,u yeyy) 3

i
5 i-1 i
h = . ( - - < -
where g(uz) H x(i)'Y[i;n]) : = u2 s
a(x) = E[H(X,Y)| X = x]
2 .
¢-(x) = Var (H(X,Y)| X = x)
Assumptions
’ 2
Al - E[|H(X, V)] ]<e=
A2 - ag(x) can be expressed as a difference of two increasing

right-continuous functions
2 .
A3 - 0 (x) has the samc pruperty as a(x) or Fx(x) is
absolutely continuous
A4 - a(Q(t)) is continuous at t = u
A5 - E[H(X, \')3] < ®
’ e & o i : '
A6 - o (x)= o a(x) exists and @ \Q(t) is continuous at i
t=uy, 0<uc<]

2
A7 - % O.(Q(t)) exists and is continuous at t = u
dt

Bl - There exists M >0 such that

]K(tl) - 1\(t2)1 <M ]tl - tZ] for all t, t,

B2 - |tK(t)| =0 as |t]| =1




3 bl i S S

? B3 - J:i K(t)dt = 1

B4 - lim h(n) =20

n-®

; -1 log log n 1/4
B5 - lim h "(n) =0

m e "

1
B - f_l tK(t) dt = 0

e i
B7 - [, t"|K@®)| at <=
B8 - K'(t) exists and satisfies Bl and B2

Thml - Consistency (Yang's Theorem 5)

Under assumptions Al - A4 and Bl - B5,

lim E[M“] = a(Q(u))

n-®
. i ; | 1 \.11 -\
lim EIM = T . 4
nee (M) i Jo “(Q‘“l)) h(n) 1‘( R

% Q(Q(u)) . J:i K(t)dt = a(Q(u))

and

lim E[M, - a(o(u))lz] = 0

n-




Th" 2 - Asymptotic normality (Yang's Theorem 6)

Under assumptions Al - A6 and Bl - BS

D
Voh(n) (M - E[Mn'!\ " N(O. OZ(Q(u)> j_'l l{Z(t)dt\,

T3 - Asymptotic bias (Yang's Corollary 1 to Theorem 6)

Under assumptions Al - A7 and Bl - BS

»

E[M ] - O.IQ(u)\, R 1
lim “2 lsiind = d, a(Q(u)\, - [ 2K (t) at
n-se h“(n) du” B el
D 1
and Jnh(n) (Mn - a(Q(u)))-» N\O, OZ(Q(u)> . f l\'.z(t) dt\

Let us apply these general results to the different estimators we

presented in the previous section,

3.2

~

Q... .(*)

Statistical Properties of rQl(O) and ()

rQ(l)(‘)

is the estimator proposed and studied explicitly by Yang
as an estimator of E[YIX = Q(*)] . Our rQl(°) has exactly the same

properties as can be seen from the fact that

Ry
i/n t -u
1 t -u 1 . n !
I‘-x h(n) h(n))dt ® Bh(n) “( h(n)) ,

n

i 2 ]
for J—;—L = ti s j/n k




10

Thus, r?)l(u) is a consistent estimator of rQ(u) = E[Y|X = Q(u)] , under
the conditions of Theorem 1, at the points of continuity of rQ(+) .
Under the conditions of Theorem 3, the asymptotic bias is pro-
portional to the second derivative of rQ(*)
For the kernel we have been using
:—2(]—22)2 |z] =1
K(z) =

o

=] >

the asymptotic bias is 1/7 ¢ rQ''(u) and the variance of the asymptotic
/
distribution is 5/7 ¢ Var \Y\X = Q(u)) .

It is possible to estimate Var (Y\X = Q(u)} by the same method,

e.g.
.2 - o ?\/ 3 e 1 /i/n - ay
F (Y‘X ; Q‘“’) “n j‘_jl\Y[j 0]~ "™ 1w X hm

3.3 Statistical Properties of rQZ(u)

We rewrite rQZ(-) as follows:

r’;)z(u) = Il(u)+12(u) , where

j/n 1 t-u
Il(u) & ;‘31 .L_ \[j :n] g B—(;-) K< h(n))dt
n
n j/n :
: . i L ek wlEAE
Iz(u) J?z {L—_ln (Y[j-l 1) Y[j ;n])(n t) h(n) K\ h(n))dt




Note that Il(u) is just rQl (u) . On the other hand,

j-1

_rl n j - n-j+l
ELY(j ) 0]~ Y[jen]) = Jo T a7 p ST 67T

and by expanding in Taylor series

j/n o3 ¢ 1 t-u
n‘rtl— (n-t) -mK(m)dt=

n
=l

1 K\-2 ik 1 1

2nh(n) h(n) nzhz(n) 2

where ‘R.

(-j;—l- u) 1 (t. - u)]
’ A il
T e ™

The bias properties of er(-) are the same as those of rQl(')

provided 12(0”) contributes only to high order terms.

E[L,(w)] = J (a) +J,(a) + R

We look only at J'l(") .

1 n 3 it ° e .
_[) rQ(s) Z(Znh(n))’ o d[(.n ) J a - S)D'J"'l]

Jl(u) et h(n) 3-1




G

=]2-
By Bernstein approximation,
. | 1 1 ¥ n
Jl(u) = (Znh(n)) .Io rQ(s)h” (n) K’(——-—))ds -J‘ r()(s)l\\r(-—) d(l - s)
-J‘lro( ) K(jrt) as”
0 h(n) £
For 0<u<] ,
1 uth(n)
5) } K’ (Aot K d = Sl-l K B o
J;) rQ(s) v (n) < ( h(n)) s fu~h(n)rQ( Yh " (n) ( h(n) ) ds

because K(*) is defined only on  (~1,1) and upon integrating by

parts, this is
1

h(n) * I rQ' (u + th(n)) K(t) dt &= h(n) rQ'(u)
-

On the other hand,

[

. ILI rQ(s) d(1 - 8)"'| < ”o! rQ(s)d(l - s)| = A

S |

1
|fo rQ(s) d anl < !J‘(: rQ(s) ds| = B

and for h(n) < min (u, 1 - u)

o ¥ (i) “imy ‘(Ih'(f;) .

w—“




e v

So,

Jl(\\) = (znh(n))-l(h(n) rQ’(u))

goes to zero as n . J,(*) goesto zero faster,

2

Thus, for 0<u<l1 ,

~

nli_’n; lC[er(u) - rQ(u)] “l.i,l‘l‘: Y| rQl(“) - rQu)]

= .

|
l\z (n) h(n) |

At the endpoints, the limit does not exist,

~
'

1

N !

3.4 Statistical Properties of rQ3(-) ,
|

We start by studying rQ, (*)

1% n \ j/n
= » - . -1 Y t--—“"}
l‘Ql(\l) L n (Y = YL*_ =nl/ h(r) j[i 1 /“l\(h(n) )("

By Taylor series expansion,

: - 1
- J/n KR 1 ( ..
bt | ““\’mﬁ')“‘ EORNOA

j=1/
d=
1 \ i
"’""'é"’.‘ K ""'TZ';' e + R
2nh ™ (n) e

SRRS——— —Lid




————g

T

and

] : £
EE{“”‘] . Y[5~1=n]]= £ g d[(j?l)sj’l(l : s)“'JHJ :

[“‘ ' ] ) - -1 (J;_l' “) 1 K(J;_l : “)
E(rQ, (w)| = -[ rQ(s) Z {h(n) " K +
g | h(n) Znhz(n) h(n)

d[(jf_ll) sj"1 (1 - s)n_jH]

0 j=2

By Bernstein approximation,

L 2o 12 '(s-ud : 1 K"(s’“d +R
r()l (u){ = -6[' rQ(s)h (n) K h(n)) s -{ rQ(s) % h3( ) h(n)) r
n n

For 0<u<1l1 ,

o 1
+[ rou+ th(n)) K(t) dt + O (1)
-1

E[thl'(uﬂ = bl rQ(u +th(n))K(t)
3

Thus
Eroli(uﬂ = rQ'(u)

and

sl -sal] o
1 -~ XIQ (v 2,
, = s _[' t° o« K(t) dt

h%(n)

!
|
i
|
|




=]5. ! f$

From these formulas, one can evaluate E[}bﬁuﬂ . The terms
missing in the Bernstein approximation formula are zero if h(n) is less than
min (u, 1-u) as in the previous section. The integral involviﬁg K'" (¢)
contributes a term of order (nhz (n))-l to the expected value. Its

influence is not felt either in the bias | lim nh4(n) = w) L i
n—» o

A u A, = ~ b
EE‘Q3(u)] =[ ZEEQl(s)J; ds +EEQI(I/ZE}, = rQ(u) |

and

E[r:) (uﬂ - rQ(u) 1 - "
3 > “ .| £2K(t) dat [EQT(‘Q +rQ (%)J
h®(n) -1




4, Case of X fixed

We study only the case where the x's are fixed and equidistant

on the unit interval, of the form [j/n};io .  The model is of the form
Y = f(x) + € , wherethe ¢€'s are uncorrelated errors with mean zero
and constant variance.

We limit ourselves to only two estimators:

p n-1
B N k(=) + 3 v(i/a) ¢ KAA-8
fl(u) " nh(n) [2 T K(h(n)) i j:l /) K( h(n) )

% « Y(1) . x('h;n‘)‘ﬂ

and the estimator based on first differences

A U A, a
f,) = [ £ (s)ds +f (1/2)
ST ‘

wnere 10+ S ¥ - st (]

and Y(j/n) is observed at x = j/n

~
4.1 Statistical Properties of fl(-)

Y n-1 &
0 T 1 o 1% Wl ST 1L DN Y | )
E[fl(uﬂ . Spe [2 f(on\(h(n)) +j:,lf(_)/n) x( = )+ 2 1) K(h(n)

+

)




=]17=

' 1
i i : = A _:lL)
This formula is recognized as the trapezoidal rule for {)f(t) h(n) K hn) dt
based on the given design, so
E[fl (uﬂ -—>  f(u)
n- o«
As an approximation to the integral, the error is at most
sup f''(u) , which is much less important than the error of
12n 0su =]
approximation of the integral to f(u) that was found before to be
2 . 2
hWm) ') [ T K@) at
-1
EE) (u) - f(u;] 1 2
Thus, s - ') [ t7 K(t) at
h™(n) -1
Because the ¢€'s are uncorrelated,
~ 2 n-1 "
V“"(fl (“)) . zoz [III Kz(h-(:)) +Z Kz( /1“( _)u) i % Kz(lh :\)“ )]
n“h“(n) j=1 o (

Thus,

- ¥
nh(n) Var (fl(u))-——» o’ Kb a

n-e® -1




~

4.2 Statistical Properties of fz(-)

. i) (i «
EEll('ﬂ 3 'rl_‘.nzl f(n) r(n) 3 1 K(n s)__; f.(s)
n-wo

1/n h(n) h(n)

The asymptotic bias is computed as in section 3

Ll | i
E[fl (s) - f (SJ it 1ol fi(s) J- tZ K(t) dt
2 n- e 2 -1
h ™ (n)

Thus,

a~ u
E[fz(u) [ f(s)ds +1£(1/2) = f(u)
1/2

and

E[; (n) - f(u{l e " 1
»z‘2 d = (—f—zi‘-‘)+f(1/2))°j' t? K(t) dt
h®(n) i

~

One can write an exact expression for the variance of fz(-)

1 A A u A \ ~
Var(j f'(s)ds + f](l/Z)) = Var(ir f (s)ds) + Var(fl(l/?.))
1/2 /2

Q A, ~
+2 Cov(]‘ f, (s)ds, fl(l/Z))
1/2

|




Now, Var(;l(lIZ)) was computed previously and

O A
v.:({[ £/ (s)ds) =
/2

:‘—ﬂ

-t

where we restrict -'L—;\-—l >0 and i—:—l <1

Finally,

u ~,
zCov(j f, (s)ds, f (1/2)) =

1/2
2\;02 n -'i—% u ‘f‘-—l--s ‘-a
— ¥ a, K ‘-'R('“—;' K T K ‘h(\) ds
ahi(m) j=0 1/2 :
1/2 , j=0orn
where a, =
J 1 , otherwise

What does this convergoe to?

~ 1
nh(n) -+ v«r(flu/z))——» o’ [ k%) at
-1

=l A< 8 i-1
zx(m‘“)-x(“ t) r("‘ —~-tL:.= 2" 1\'».("l't>

h(n) /

h(n) \ h(n)

2 u wu n-l =) s j+1
y -r r b ¥ J/“' . l\ '/"") n CK n
hz(n) 1/2 1/2 j=0 h(n) L h(n) h(n) h(n

)

)




We then look at

n

2 u
-0 1 i/n -~ s . 1
ahG) 1I/z hm) K{ h(n) Jas 1I/z him hn)
1

which converges to Zcz I Kz(v) dv
-1

+ and

oA, ~ 21 >
J f(s)1ds, £(/2))20" [ Kv) v

2 nh(n) Cov(
1/2 =y

Thus

N 1
nh(n) Var(fz(u))-* GZI Kz(v) dv .
-1

" i:_l‘t
K

ks




Thus

where

and

-21-

Asymptotic variance when X is random.

From section 3.3,

j-1
~ " n -3 T - Ly
rQ,(u) = rQ,(u) +i jEz(mhm)) < Li-1 '"l]/n [J-"J>. K(“ )

er(u) = rQl(u) + I(u)

~ ~ ~

Var(er(u)) = Var(rQl(u)) 4 Va.r(I(u)) +2Cov (rQl(u) : I(u))

From section 3.1,

Var(rbl(u)) = nh(ln) OZ(Q(u)) . j‘I K2 (t) dt

1
s a i i % 2
Var(I(u)) 5 e Var (m’ (X)X = Q(u)) _-|'1K (t) dt
’ d
m’ (x) = S;E[le = x]

2Cov (rQl(“) ’ I(“)) 5 % 2 nhl(n)

¢ C(u)

It then follows that

nh(n) Var(rbz(u))—é oz(Q(u)) . J’l K2 () at
-1

R Ry RS




P

S g T

~

To compute the asymptotic variance of rQ3(°) » We proceed

again by steps as in section 4.2 :

Var(rQ3(u) = Varg rQ (l)ds

Var (ro ) * o*(a(3))

u

+rQ (l))

1
IRSCE
-1

u u ~ a
Vargf rQ; (s)ds) = [ [ Cov(xq/(s), rQ]®)asar

/2 1/21/2
Cov(rQl’(s), rQ ’(t)) =S

l {Il I (uAV - uv) K'(

nh (n)

0

u

(—.,c

1/21/2

u -8

)1\"(" )du Q(u) du Q(v)

h(n) h(n)

f o) i) () )

u u

Cov(r;)l'(s). rz)l'(t)) dsdt ="!‘- I f C(s, t)dsdt

1/2 1/2

1
] ’ X - 3 \)2
+ ;;— { OZ(Q(X)) h(ln) {K h(n)“) ¥ K(h‘“)z )} o

Finally,
u A
2 Cov@;zro (s) do, rQl(z))

e e

b6 © Q(—)j KZ(t) dt +

constant

mre il e

e -




Thus, )

nh(n) \'ar(ra3(u))—’az(0(u)) . sz(t)dt
2
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6. Preliminary Conclusions

A study of mean integrated squared error done by Melzer (1978) for
sample sizes n =20, 50, 100 allows us to conclude that ;Qz(i) does
not improve on rz)l(°) . Also, there is much to be gained by normalizing
the estimators so that the weights add upto 1 exactly. This has no
effect on our asymptotic results.

The proposed estimator r:]‘}(') was abandoned after a few tries

on simulated data because of its oscillating behavior.

o all
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